methods is found and validated.
Introduction
The conservative congruence transformation (CCT), which represents the relationship of stiffness control between the linear R3a Cartesian space at the end-effector and the joint space of a robotic manipulator, was proposed in [l, 21 as follows JFK,Jg = Kg -K, where K, and Kg denote the Cartesian and joint stiffness matrices of robot manipulator, respectively. The property of the Cartesian stiffness, K,, is related to the joint stiffness, Kg, as well as the changes in geometry and external forces, K,, as defined through the CCT in equation (1). Huang and Kao [5] presented the geometrical interpretation of the Conservative Congruence Transformation (CCT) for serial manipulators via screw theory. The K, matrix, which is defined as K, = [ gf] , represents the changes in geometry through the differential Jacobian matrix, and externally applied forces. The K, matrix is the most critical part of the CCT to correct the well-known conventional formulation JrK,Jg = Kg which was proposed by Salisbury in 1980 [8] .
However, the 6 x 6 Cartesian stiffness matrix of conservative systems with the consideration of linear and rotational motions is thought to be quite different from the 3 x 3 linear stiffness matrix. The difference is due to the fact that the rotational components might not commute. For example, a2a! a2 a! where @ is a potential energy function, and e, , 8 , are the rotational coordinates. This suggests that the 6 degree-of-freedom (dof) Cartesian coordinates do not consist of a coordinate basis (will be defined in Section 2.1). As a result, the 6 x 6 Cartesian stiffness matrix is not expected to be symmetric, even for a conservative system, because the 6 dof Cartesian coordinate basis is not commutative. Unlike the formulation in equation (l) , which expresses a direct mapping from the joint space (with coordinate basis) to the Cartesian space (with coordinate basis), the stiffness mapping between the non-coordinate basis and coordinate basis systems needs to be derived with the addition of an intermediate generalized coordinate basis. Notice that the stiffness matrix associated with a coordinate basis, a commutative basis, is always symmetric. We will also show that the K, matrix in CCT between the 2 dof cylindrical space and the joint space, is nonsymmetric, due to the non-coordinate basis used in the cylindrical space.
In this paper, we start with the definition of the coordinate and non-coordinate basis from differential geometry, and give examples of non-coordinate basis. Next, we present the CCT between 2 dof cylindrical space and joint space, and show that a simple transformation of a symmetric and conservative stiffness control in a coordinate basis system will quickly render an asymmetric stiffness matrix that represents the ae,ss,f88,88, 
Definition of a coordinate basis
In this section, we derive the mapping of stiffness control between the two dof cylindrical space ( T , 4 ) and the joint space (SI,&). The introduction of an From differential geometry, for a basis to be coordinate basis, it has to be commutative. That is, the Lie bracket of vector fields has to be zero 
Using indirect CCT method: Cartesian coordinates as intermediate coordinates
By using the indirect CCT method, we will introduce the linear R2x2 Cartesian coordinate system as the intermediate coordinate system (which is a coordinate basis). The relationship between the cylindrical coordinates and the linear Cartesian coordinates is given by
It is easy to show that
Cylindrical basis: a non-coordinate basis
The derivation below is based on the 2-link planar manipulator shown in Figure 1 . To map the stiff-For the dimensional space, we choose ness control between the cylindrical space and the joint space, we need to realize two space and linear Cartesian space, and (2) linear Carte sian space and joint space, as shown in Figure 2 .
the basis {+,e} of the cylindrical coordinates. The relationship between the Cartesian and the cylindrical bases is defined by and M is the 2 x 2 coordinate transformation matrix.
Note that the matrix M depends on the coordinate 9.
From the principle of virtual work and equation (7, we can obtain the relationship between the forces f a n d g a s g = MTf 
where K,,,, = [ . ;
;
found to be an asvmmetric matrix bv carrving out the partial derivatives. Note that % &nd @ $ -a r e 2-D tensors or 3-D matrices.
Note that in a conservative system, the stiffness matrix in the Cartesian space, K,, is always symmet-the choice of coordinates and can assume totally different physical forms even though the same stiffness control system is considered.
Between the linear Cartesian space and joint space
From the geometry of the 2-link manipulator, as shown in Figure 1 , the differential displacements dx, in the linear Cartesian space and d9 in the joint space are related by the Jacobian matrix Je as follows d~ = JedB Again, we should notice that even if the stiffness matrix Ke in the joint space is symmetric (for conservative systems), the stiffness matrix K,, in the cylindrical space will not be symmetric due to the asymmetric matrix K,,,,, resulting from the noncommutative property of the cylindrical basis. ric with respect to its coordinate basis (x,); whereas, the same stifiess control system as expressed in terms of the non-coordinate basis (xc,) in the cylindrical space becomes non-symmetric with the skewsymmetric component related to the external force. This is clearly illustrated in equation (9). This simple example shows that the stiffness matrix depends on 
Using Direct CCT method
Similarly, we can derive the CCT between the joint and the cylindrical spaces Ks = J?KcyiJ, + Kg,cyi (18) is defined as 1x12 sin e2(za+ili2 cos sa) (1;+l;+2ii12 cos B a ) 3 / 2 92-The Kg,cu1 matrix is nonsymmetric, which means that direct CCT between a coordinate basis system and a non-coordinate basis system can not preserve the symmetry of the stiffness matrices.
From the last two sections, we conclude that the CCT can be applied to the stiffness transformation between any two coordinate systems, with either coordinate or non-coordinate basis.
Simulation Results
In this section, the results of numerical simulation of the Stiffness mapping between 2-dof cylindrical space and 2-dof joint space using both direct and indirect CCT are presented. The work is calculated using the algorithm presented in [2] . The initial values of Cartesian stiffness matrix and bias force in Figure 3 are
Indirect CCT with intermediate coordinat es
The initial values of joint stiffness matrix and joint torque in Figure 4 are From Figures 3 and 4 , the work done in the cylindrical, Cartesian, and joint spaces are identical. This verifies that the CCT is valid for the stiffness mapping between non-coordinate basis system (cylindrical space) and coordinate basis system (joint space) when the indirect CCT with intermediate coordinates is used.
Similarly, the external forces fz and fy acting on the end effector over the same circular path can be shown to be identical; that is, the CCT gives the correct transformation of the stiffness control among the cylindrical, Cartesian, and joint spaces. This indicates that the conservative congruence transformation (CCT) can be applied directly to the stiffness mapping between cylindrical space (based upon a non-coordinate basis) and joint space (based upon a coordinate basis).
Using the direct CCT method

Discussions of Stiffness Matrices Under Coordinate and Non-Coordinate Basis
According to the current state of the art, stiffness is only defined for conservative systems with coordinate basis. In this section, we will explore the effects of coordinate and non-coordinate bases on the properties of stiffness matrix.
Conservative system with coordinate basis
The 3 x 3 linear Cartesian stiffness with coordinate basis ( 2 , e, 21, for a conservative system with potential energy U, can be defined as follows. The force f is defined as: dU
dx ' dy ' dz where x = (z, y , z )~. The stiffness matrix K is thus It is obvious that K is symmetric due to the commutative property. In addition, it is also easy to proof that the elements of K satisfy 2 = e, from the commutative property of the coordinate basis. That is, the stiffness matrix is always symmetric and exact for a conservative system with coordinate basis [SI.
Conservative system with non-'coordinate basis
In this section, we take the cylindrical coordinates as an example. Starting with the potential energy U, the force f for a conservative system with cylindrical coordinates can be expressed as follows:
where xCy = (T, 8, z )~. The stiffness matrix K in conservative system with cylindrical coordinates is defined as:
